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enough to enable the estimation of (P0)3. This domain should not
extend to infinity as four-impulse trajectories are necessary when
(j) > 4n and optimal when T -» oo. A complete computation of
(PO)3 and (PO)4 is called for to ascertain whether or not four
impulses are sufficient in the nonlinear case.15 Such are the
questions left open about impulsive rendezvous, to say nothing of
the uniqueness of the solutions found, which, in spite of the
present results, can be questioned.7
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Orbital Eccentricity and Angular Momentum
Management Scheme Stability

RONALD A. MAYO*
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The class of angular momentum management schemes considered in this paper consists of a large attitude maneuver
followed by a sequence of trim maneuvers. The characteristic equation is derived for general momentum sampling,
switching logic, and system gains. The satellite orbital parameters are assumed arbitrary and in the neighborhood of
the reference orbit. For a specific sampling scheme, the sampled momentum by the nth orbit is shown to converge to
the sum of the classical Neumann series on momentum space augmented by the initial CMG cluster momentum. For
small eccentricity, a linear (first order in eccentricity) management scheme stability analysis is presented. These
studies are combined in a derivation of the range of eccentricity for which the continuous time CMG momentum
remains bounded within the saturation limit of the momentum exchange device for arbitrary angular position of
perigee. The results are extended to allow variation in the mean orbital radius.

Nomenclature

K(a, s, 6P) = linear operator on momentum space
g(0, e, Op) — disturbance momentum accumulation per orbit

after first orbit; sampling scheme (2)
g(0, e, Op) = disturbance momentum accumulation for first orbit

only; sampling scheme (2)
(0, s, Op) = true orbital parameters
A,B,C = control functions (switching logic and system gains)

dependent on 0
0 = angular position of vehicle in orbital plane with

respect to XR
go = acceleration of gravity at R0
R0 = mean radius of Earth
r = distance from Earth's center to center of mass of

vehicle
r = unit vector directed from center of Earth to center

of mass of vehicle
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/ = inertia tensor of vehicle
M0, M£, M0 = linear operators on momentum space
M,,MC/
Mjk = linear operator having representation with respect

to Xv, YV,ZV axes consisting of all zeros except
(j, k) element which equals one

<&(0) = transition matrix on momentum space
F*(z), C*(z) = 3 x 3 transition matrices in z-transform domain
Q(a, e, Op) = $M9(dt/dO)dO linear operator on momentum space;

J denotes integration on desaturation period
[(2n + l)n, 2(n + In); Q(a, &, Op) is independent of n

n = uncontrollable vector torque (independent of con-
trol functions) during desaturation period

MeH0(2nn) = controllable vector torque (dependent on control
functions) during desaturation period

He(0) = error momentum; sum of disturbance momentum
plus controllable vector momentum

i = integration over complete orbit
£R, YR,ZR = ATM reference system (Fig. 1 and Fig. 2)
Xb, Yb, Zb = principal axes of satellite inertia tensor
Xv, Yv, Zv = vehicle axes; the principal axes are coincident with

the vehicle axes only during experimental hold
mode

II • || = the Euclidean norm on momentum space
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|| • ||op = operator norm
M'e ^ ^ = defined by Me = (lg0R2

0/2r0C0)M'e
Xbv, Ybv,Zbv = body fixed vehicle axes (for simplicity this co-

ordinate system is assumed coincident with the
principal axes Xb, Yb, Zb)

lim | sup \\fn(9)\\ — lease upper bound on the Euclidean norm of the
q e>n<q sequence of vector functions,/„, on 0 < 9 < 2n

q = index
i = set of trajectories for which the sampled momentum

remains bounded; derived in text
H0(-) = vector output of digital controller
H0j( •) = j th (x, y, or z) component of H0( •)
* = convolution sign

I. Introduction

SKYLAB ATM experiments require an inertially-fixed (sun-
oriented) satellite during the daylight portion of the orbit.

Gravity gradient, aerodynamic, and solar radiation torques on
the vehicle must be absorbed by a momentum exchange device
which is a system of three double-gimbaled Control Moment
Gyros (CMGs).1'2 Because of the orbital eccentricity, the gravity
gradient torque has a noncyclic component not only along the
principal axis of the vehicle inertia tensor in the orbital plane but
also along the remaining principal axes. This noncyclic component
in the torque environment causes an average increase in the
angular momentum stored in the CMG cluster. But the CMG
cluster has only a limited momentum absorption capacity.
Therefore, the cluster momentum must be managed by a policy
that restricts the CMG momentum within the saturation limit
throughout the mission.

Momentum management policies initiated during the noc-
turnal orbital sector, other than mass expulsion policies, rely on
an adaptive sequence of large and small vehicle attitude maneuvers
and on the consequences of the gravity gradient torque to insure
that the attitude control system performs within the saturation
limit of the CMG system. The adaptive sequence of attitude
maneuvers depends on a momentum sampling scheme, switching
logic, and suitable system (or management policy) gains.

The subject of Orbital Eccentricity and Angular Momentum
Management Scheme Stability deals with the preservation under
orbital perturbation of the attitude hold capability throughout
the ATM experiments using gravity gradient momentum
management. Angular momentum management schemes studied
to date are dependent on the orbital parameters of the reference
orbit. Moreover, simulation studies performed for Skylab A
indicate that momentum management schemes may prove
inadequate (e.g., the continuous time CMG momentum history
may not remain within the saturation level of the momentum
exchange system) for slight changes of the torque environment;
in particular, for the addition of aerodynamic torques. In this
study, the vehicle was constrained to the reference orbit. If the
momentum management scheme is designed for the reference
orbit and the space station's true orbit is an unknown perturba-
tion of the reference orbit, not only is the torque environment
slightly changed, but the momentum management scheme is no
longer programed for the true orbital parameters.

Previous studies of momentum management restrict the
vehicle to a circular reference orbit. In Refs. 3 and 4, convergence
of the proposed schemes for a vehicle on the design orbit has not
been proven. Another management policy proves stable only if the
the gains are chosen to satisfy additional constraint equations.5'6
In still another policy, gains are derived partially by trial and error
so that simulated results are acceptable.7 In all previous studies no
stability analysis has been completed for satellite orbits in the
neighborhood of the design orbit.3"14

, This paper is concerned with momentum management scheme
stability for satellite orbits in the neighborhood, Y\, of the design
circular orbit. The management scheme is defined as stable over
Y\ if the sampled momentum remains bounded within J/s°at, where

0 0 « X < 1 (1)

and

where i denotes the set of trajectories for which the sampled
momentum remains bounded, M° is the bound on the momentum
transfer during any orbit, and H^t is the absolute saturation limit
of the CMG system. The class of momentum management
policies considered consists of a large attitude maneuver through
angle sx about the Xb-a.xis followed by an adaptive sequence of
small attitude maneuvers through angle sy about the displaced
1 ,̂-axis. The functional form of sy is confined to the following class :

sy(9) = A(9)H0x(2nn) + B(9)H0y(2nn) + C(9)H0z(2nn)

for (2n + l)n<9 < 2(n + l)n

= 0 for 2nn < 9 < (2n + l)n

(2)

where H0(2nn) is a linear combination of momentum samples.
Comments on modification of the desaturation period are
presented in the conclusion.

In Sec II, the first-order perturbation of a circular orbit attitude
control law caused by orbital eccentricity is reviewed. The
succeeding sections deal with the performance of the aforemen-
tioned class of momentum management policies for satellite
orbits in the vicinity of that orbit for which the system gains have
been chosen. The characteristic equation of the sampled momen-
tum is derived for general momentum sampling (digital con-
troller), switching logic, and system gains. The satellite orbital
parameters are assumed arbitrary and in general are in the
neighborhood of the design orbit.

The main contribution of this paper is addressed to stability
analysis for the following momentum sampling scheme :

H0j(2nn) = - H/0); j = x,y,z (3)

The sampled momentum by the nth orbit is shown to converge to
/ + H(0) provided \\K(a, £, 0p)||op < 1. / is the solution of the
linear operator equation

f-K(a,s,9p)f=g(a,s,9p) (4)

on momentum space, g is the disturbance momentum accumula-
tion per orbit from the gravity gradient torque, and H(0) is the
initial stored momentum.

A linear (first order in eccentricity) stability analysis is presented
and the results are compared with the exact stability condition
for bounded sampled momentum as expressed by Eq. (4). These
studies are combined to derive the range of eccentricity for which
the sampled momentum remains bounded within #°at provided
the system gains are chosen with respect to a circular orbit of
radius r0 = a, the true mean satellite orbital radius. The study is
extended to a neighborhood of orbits without the necessity of
measuring the true mean radius.

Throughout, the space vehicle is assumed to move in an inverse
square law gravitational field. All perturbations of the orbit are
disregarded as well as aerodynamic and solar radiation torques.
The pertinent reference system is the ATM reference system
(Fig. 1 and Fig. 2) with the ZR axis toward the sun and parallel
to the Earth-sun line, the XR axis in the orbital plane and the
YR axis completing the right-hand orthogonal system with
terminus in the northern hemisphere. The vehicle reference

EARTH ORBITAL PLANEN
NORTH VEHICLE *

M° = sup lim t sup \\He(2nn + 9)- He(2nn)\\; 0 < 9 < 2n
i q 6,n<q

VERNAL
EQUINOX ASCENDING

NODE

Fig. 1 ATM reference system.
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EQUITORIAL
PLANE

Fig. 2 Celestial sphere.

XT

Fig. 3 ATM/LM/CSM cluster configuration and vehicle coordinates.

system (Fig. 3) is oriented parallel to the ATM reference system
at 9 = 0. Please note that Xv will be in the orbital plane; that the
solar panels have^been omitted; and that Xbv is parallel to Xv,
Ybv is parallel to YV9 and Zbv is parallel to Zv during the experi-
mental hold mode. Because of Earth orbit and solar rates, these
systems are quasi-inertial. This paper is concerned with the
inertial period between updates. The principal axes of the satellite
inertia tensor, Xb, Yb, Zb coincide respectively, with Xv, Yv, Zv
axes during the experimental hold mode. The results of this study
are also applicable to the case when the ZR axis is directed toward
a reference star in which case updates are conceptually unneces-
sary.

II. Perturbation Control Functions

The truncated expression for the gravity gradient torque is
Tg = (3g0R2

0/2r*)r x / - r (5)

Disregarding terms quadratic in the small angle maneuver15

Tg = MeH0(2nn) + n (6)

during the desaturation period [(2n + l)n, 2(n + l)n].
The matrix Me can bo. written as MtMcf where Mcf is diagonal

in the control functions A, B, C. Mt depends on the location of
the center of mass of the vehicle relative to the center of the earth,
the principal components of inertia, the pointing angle, and the
large angle maneuver.

Suppose the following constraints are imposed on the control
functions 1) at the termination of the desaturation period
[(2n + I)TT, 2(n + l)n] the CMGs must accumulate -[H(2mt) -
#(0)] from the controllable torque component MeHQ(2nn) and
2) at the sampling instants there must be zero coupling, i.e.,
J(7^ — n) dt is proportional to H0 where J denotes integration
over [(2rc + l)n, 2(n + l)rc].

For the sampling scheme

these constraints are summarized by the constraint equation

Me(dt/d0)de= -I (8)
Restricting the vehicle to a circular orbit of radius r0, the following
attitude control law (5, 6) is a solution to this equation.

A0 = a sgn(sin 29) (9a)

B0 = b[2/n + (K5/K6)sgn(cos 20)] (9b)

C0 = c[2/n + (K3/K4)sgn(cos 29)] (9c)
where the Kj depend on the large angle maneuver and the
pointing angle A6'9 the system gains are

(lOa)

(lOb)

(lOc)

dOd)

a = - l/[3o>0<tt« - Usinfe + A)]
b = - K6/[3co0c(Ixx - /Z2)sin 2(sx +

c = (K4/K6)b

co0c = (go* W2

If the satellite orbit is slightly eccentric with parameters (a, e, 9P\
the first order perturbation of Eq. (9) can be found in the following
manner. The control function solution to the constraint equation
is decomposed as follows

A = A0 B = B0 4- Bs; C = C0 + Ce (11)
AQ, B0, C0 satisfy the constraint equation for a circular orbit of
radius r0 = a. The perturbation control functions are

Ae = a0 + #! sgn(sin 29) -f a2 sgn(sin 39) (12a)

Be =• ^0 + £>i sgn(cos 29) + b2 sgn(cos 39) (12b)

C£ = c0 + Ci sgn(cos 29) + c2 sgn(cos 39) (12c)
The control functions (1 1) must satisfy the constraint equation to
first-order in eccentricity. Writing the integrand of the constraint
equation as

(M0 + Me)(l + scos(0-0p)) (13)

where M0 contains the circular orbit control functions and M£
contains the correction terms A£,B£, Ce it can be shown15 that
the control functions (11) satisfy the constraint equation to first
order in eccentricity if and only if the perturbation control
functions satisfy

dO = -£ J M0 cos(0 - 0p)d0 (14)

a modified constraint equation. Furthermore, the perturbation
system gains are uniquely determined15 if the matrices

Mc0Mfel + MclMfe2 + Mc2Mfc3; k = 1,2, 3 (15)

are nonsingular, where

M A (16)

*n = (f)cooc f M't diag[sgn(sin 20), sgn(cos 20), sgn(cos 29)]d9

and M't satisfies

J diag[sgn(sin 30), sgn(cos 30), sgn(cos

Me = (3goR2
0/2r3)M',Mcf (17)

H0(2nn) = H(2rm) - (7)

In general, the objective of transferring [—&H(2nn)] by the
controllable vector momentum to the CMGs at the termination
of the (n + l)st management period with a zero coupling con-
straint imposes the demands 1) that for an eccentric orbit the
number of small angle maneuvers increases over that required for
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a circular orbit and 2) that the system gains depend on the orbital
parameters.

Because of random errors at orbital insertion, the true orbital
parameters (a, e, 9p) will differ from those of the design circular
orbit. Rather than execute a variable gain momentum manage-
ment scheme which depends on the measurement of the orbital
parameters, it is recommended that a minimum maneuver fixed
gain policy be implemented. Such a policy must provide stability
for neighboring satellite orbits. In particular, the sampled
momentum must remain bounded.

III. Sampled Data Approach to Attitude Control
Law Stability

Any management policy from the class of momentum manage-
ment schemes (2) can be mathematically modeled as a feedback
control system with a digital controller preceding a linear plant
in the feed forward path (Fig. 4 and Fig. 5). The sampled output
of the digital controller reflects the momentum sampling scheme.
The output is fed into the theta domain product of a zero order
hold circuit and a linear system having transition matrix O.

0(0) 4 O'(27r - 9)

O' 4 Me(dt/d9)
(18)

(19)

The resultant signal is modulated by /(•) and integrated to give
the control momentum Hc.

The total vehicle momentum transferred to the CMGs,
referred to as the error momentum, is the sum of the control
momentum and the disturbance momentum.

LINEAR PLANT

r

i _ _ _ _ _ _ _ _ _
Fig. 4 Mathematical feedback control model. The state transition

matrix, #, depends on Me and dt/dO. Me is chosen for switching logic and
system gains independent of the orbital parameters (a, e, 0P) . The linear

plant, however, depends on the orbital parameters.

H O ( 8 ) /

- H o l ( s )

f(6)

ir 2ir Sir 4ir 5ir 6ir 77T Sir

MODULATION FUNCTION

Fig. 5 Linear plant.

The disturbance torque consists of the gravity gradient torque
during the experimental hold mode and the uncontrollable torque
during the desaturation period.

The response of the linear plant to input H0(s) is the control
momentum

He(5) = s-1[GS(GHo1)](s) (20)

in the Laplace domain. H01 is the Laplace transform of the
sampled output of the digital controller.

and

G(s) =

Gm(s) =

Sd9 (21)

(22)

is the Laplace transform of the modulation function /(•). The
state transition matrix, O, depends on the control functions
(switching logic and system gains) which in turn have been chosen
with respect to a particular design orbit <D is also functionally
dependent on the true orbital parameters (a, s, 9P).

The z-transform of Eq. (20) is H*(z). Since the linear plant is
time-invariant

H*(z) = (23)

where F*(z) denotes the z-transform of the linear plant. The
momentum sampling scheme (3) will be used to derive F*(z).

The z-transform of the output of the digital controller is
[He(4n) -#0*(z) = [He(2n) -

Hg(z) = H*(z) + [-
The error momentum has z-transform

(24)

{He(2n) + g + Q[He(2n) - He

{He(4n) + g + Q[He(4n) - He

where

0(0,8,0,) = Me(dt/d9)de

(25)

(26)

and g is the disturbance momentum accumulation per orbit for
the first orbit during which there are no maneuvers and g is the
disturbance momentum accumulation per orbit for all subsequent
orbits. H*(z) can also be expressed as

+ (He(0) + g + g
2 + {He(0) + g + 2g

= He(0)

+ Q[He(2n) -
+ Q\He(2n) - H

+ • • • (27)
But the control momentum is initially zero. Thus, Eq. (27) can be
written as

fl?(z) = fl?(z) + Q[He(2n) -
+ {Q[He(2n) - He(0)] + Q[He(4n) - HC(0)]}Z-3 + • • • (28)

Consequently, the Z-transform of the linear plant is
(29)

If higher-order differences are included in the functional form
of the small angle maneuver, the sampled output of the digital
controller becomes

In general,

= C*(z)H?(z) + [-

H*(z) = Hd*(z)

(30)

(31)



450 R. A. MAYO AIAA JOURNAL

Incorporating the previous equations into (31)

This equation expresses the z-transform of the sampled momen-
tum as a function of general momentum sampling, switching
logic, and system gains. The true orbital parameters (a, £, 9P) need
not coincide with those of the design orbit. The characteristic
equation of the sampled momentum is

m(z) = det{/ - Q(a, £, 0p)C*(z)]}
The management policy must certainly satisfy the condition that
the sampled momentum is nondivergent over the anticipated
range of neighboring orbits. The solution of this problem in
essence defines an admissible set in the orbital parameter space,
Another analytical technique must be developed to choose the
orbital parameters from the admissible set for which the sampled
momentum remains bounded within the saturation limit Hs°at of
the exchange device. The remainder of this paper develops just
such a technique for the sampling scheme (3). The switching logic
and system gains are arbitrary.

IV. Operator Approach to Stability

A. Convergence of the Sampled Momentum

If the system gains satisfy the following generalized constraint
equation

(32)

the control functions will be said to have been designed for an
orbital radius r0 and center of mass angular momentum C0. The
controllable vector momentum imparted to the CMGs during
the desaturation period [(2n + I)n9 2(n + !)TC] is

) Jg/2) {[1 + £cos(0 - 9p)]/aC(l - s2)}M'ed9AH(2nn) (33)

for management policies satisfying the generalized constraint
equation

J {[1 + £cos(0 - 9p)]/aC(l - 82)}M'ed9

= + [r0C0/aC(l - £2)] [ - / + £A(r0, 0,)] (34)

with

A(r0, 9p) = ) J cos(0 - 9P)M'B d9 (35)

Suppose that the system gains are adjusted for a design radius
r0 = a, the mean radius, and angular momentum C0 = 2na2/T,
where T = 27r(fl3/g0£o)1/2. The operator g(a, £, 9p) [see Eq. (26)]
equals

Q(a, B, 6P) = -(1 - eT3'2/ (36)

where

c J cos(0 - 9p)M'e d9; co0c = (g0K?/a3

Sampling the momentum with period 2n yields
He(2n) = He(Q) + g

He(4n) = He(2n) + g + Q[He(2n) - He(Q)]

He[2(n + l)7i] = He(2nn) + g + Q[He(2nn) - He(0)] (37)

In general,
He(2nn) = [I + k + K2 + - - - + Kn~ J]g + He(0)

+ K"-1(g-g) (38)
where

(39)

||X(o,fi,0p)||op<l (40)
then the sequence [He(2nn)] is Cauchy in momentum space, where
the operator norm || • ||op is defined by

If the operator K(a, e, 9P) satisfies the inequality16'17

\\K(a, 8,0p)||op = (41)

where a denotes the surface of the unit sphere in M. Since
momentum space M is a Banach space there exists a vector/in
M such that the Neumann series

g + Kg + K2g + - - . (42)

converges in norm to the vector /. By the complete continuity of
K(a, £, 0p), / satisfies the equation

r=g(a,£,0p) (43)

B. Linear Stability Analysis

Neglecting higher-order terms in eccentricity the linear
operator K(a, £, 9p) becomes

= £A(a,0p) (44)

(45)

(46)

the sampled error momentum in Eq. (45) remains bounded for
arbitrary angular position of perigee. He(2nn) converges in norm
to fa + He(0) where /0 solves the equation

Because of the error in the linear analysis there is a correction
vector c such that

The sampled error momentum by the nth orbit is

He(2nn) = [/ + gA + • - • + e"-^"-^ + He(0)

+ £fl-1A"-1(g

For all eccentricity less than

where / solves Eq. (43). The correction vector equals

c = ( /-eA)-1(X-e

Substituting the expression for K(a, £, 9P)
c = ( l - ( l -£ 2 ) - 3 / 2

and

(48)

(49)

(50)

(51)/o = (1 - e2)-3'2/
The linear operator g(a, £, 9p) can be expressed as

Q(a, £, 9p) = - [1 + #(£)] [/ - £A(a, 0,)] (52)
where R(s) is a non-negative monotone nondecreasing function of
the orbital eccentricity. Consequently, for £ = 1/||A(0, 9p)\\op the
operator norm of K(a, £, 9P) is at least one. Thus, it is impossible
to conclude whether or not the Neumann series (42) converges or
diverges. A sufficient condition for convergence of the series (40)
for 0 < £ < £0 is

R(s0) + £[1 + K(£o)]IIA||0p < 1 (53)
Thus, the sampled error momeiitUm converges for £ < R01 where

R01 = sup min{£, (l/||A||op)[l - R(c)]/[l + R(s)]} (54)
e >0
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For unknown angular position of perigee, the sampled error
momentum converges for e < JR0 where

R0 = sup min{e, (l/sup||A||op)[l - *(«)]/[! + R(e)]} (55)
e > o ep

this certainty bound is slightly less than that given by the linear
analysis.

C. Error Momentum within the Saturation Limit

The range of orbital eccentricity for which the sampled error
momentum remains bounded is (o, JRJ. In addition to the
boundedness of He(2nn\ one is also interested in restricting the
norm of the error momentum ||He(0)|| to within the absolute
saturation limit, #s°a}, of the CMG system. This is equivalent to
the constraint

where

and

||tfe(2mr)||<#s°atVn (56)

•at = #s°al - (1 - «)" 'M0, 0 < a < 1 (57)

M° = sup lim t sup \\He(2nn + 9) - He(2nn)\\ (58)
T q 0,n<q

T denotes the set of trajectories
T={(a,£,0p); 0 < 0 P < 2 7 C , 0 < e < R0} (59)

and a is a safety factor.
The system constraint Eq. (56) will modify the certainty bound

JR0. The derivation is as follows : Let

t,m>l
(60)

Then, ||/|| < (2)^31 implies that at each sampling instant
\\He(2nn)\\ < #s°at

From the linear analysis

11/11, <ll/oll<llgll/(l-£SUp| |A| |o p) (61)
ep

for £ < l/sup||A||op. Consequently, the constraint
OP

||g(a, £, 0P)||/(1 - s sup||A||op) < (i)tfsat (62)
ep

implies Eq. (56). Recall that g is the disturbance momentum
accumulation per orbit and depends on the true orbital param-
eters and the control law. Let ||g||fl(i-£) denote the norm of the
disturbance momentum accumulation per orbit for the same
control law and for a circular orbit of radius a(\ — s). The sampled
error momentum is bounded for & < R0 < l/sup||A(a, 0p)||op. Let

£0 = l/sup||A(a,0p)||op.
0P

Then
sup||g(a,£,0p)||<||g||a(1_£o) (63)

Thus, He(2nn) remains not only bounded but within the saturation
limit, Hs°at, for e < R01 and arbitrary angular position of perigee,
where

ROI = min{K0, (1 ~ 2||g||fl(1 _£o)/Hsat)/sup||A||op} (64)

D. Extension of Results

Results of the previous paragraphs are not completely depen-
dent on the knowledge of the true mean radius a of the satellite
orbit. Suppose-the system gains satisfy the generalized constraint
equation

'= -/
(65)

The center of mass angular momentum for an orbit having
parameters (a, s, Op) is

- fi2)]1/2 (66)c =
where

= G(Me + Mv) (67)

G is the gravitational constant, Me is the mass of the Earth and Mv
is the mass of the orbiting vehicle. If the system gains are adjusted
for a design radius r0 and angular momentum (^r0)1/2 the operator
Q(a, £, Op) has the analytic form

fi(o, £, Op) = -(r0/0)3/2[l + R(s)] [I - £A(r0, 0,)] (68)

where
(1 - £2r3/2 = 1 + R(e) (69)

The sequence of momentum samples He(2nn) is Cauchy in
momentum space if

l|K(0,£,0p)llop< 1 (70)
The operator K(a, £, 6P) is defined by Eq. (39). Consequently,

K(a,£,0p) = (1 - (r0/a)3/2)/ - (r0/fl)3/2*(e)/

p) (71)

Taking the operator norm of the right side of Eq. (71) and using
the triangle inequality yields

- (r0/0)3/2]

(72)

Thus, the sequency of momentum samples is Cauchy for arbitrary
mean radius and arbitrary angular position of perigee if the
eccentricity satisfies

R(s) + £[1 + K(£)]sup||A||o (73)

Since momentum space is a Banach space and the operator
K(a, £, Op) is completely continuous (any bounded operator on a
finite dimensional space is completely continuous), the sampled
momentum converges in norm to / 4- He(0) where the vector /
satisfies the equation

He(Q) is the initial stored momentum and g(a, £, Op) is the disturb-
ance momentum accumulation per orbit. The sampled momentum
converges for unknown mean radius, unknown angular position
of perigee and all eccentricity £ < R0. Equation (55) defines the
certainty bound R0. R0 is the value of eccentricity at the inter-
section of the two functions

and

/2(£) = (l/sup||A||op)[l -

(75)

(76)

Recall that R(s) is a non-negative monotone nondecreasing
function of the orbital eccentricity. Also,

R(Q) = 0

Thus, the certainty bound JR0 is greater than zero.
To maintain fine attitude control during the daylight orbital

sector throughout the mission, the constraint Eq. (56) must be
satisfied. The set of trajectories i for which the sampled momentum
remains bounded is

T = {(a, £, 0p); 0 < Op < 2n, 0 < £ < R0, arbitrary a} (77)

This set includes satellite orbits which are not in the neighborhood
of the design orbit. The mean radius will, in reality, fall in some
tolerance band /? about the design radius r0. Momentum
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management scheme stability in the sense of maintaining fine
attitude control is analytically defined by Eqs. (56-58). A
complete set of neighboring satellite orbits is defined by

0<0 p <27 i , 0 < £ < R 0 > (78)
But the set of trajectories for which the sampled momentum
remains bounded certainly contains the set of neighboring
trajectories.

Using paragraph B as a guide it is easily shown that there exists
a neighborhood v\ of orbits in the vicinity of the design orbit for
which fine attitude control is maintained. Let /0 denote the
vector solution of the equation

Consequently,

and

I/I < (0/r0)3/2||/oll

(80)

(81)

Thus, He(2nn) remains not only bounded but within the saturation
limit, //s°at, for £ < R01» mean radius in the tolerance band fl about
r0 and arbitrary angular position of perigee, where

RQ1 = min{R0, [1 - 2sup(a/r0)3/2||g||/Hsat]/sup||A||op} (82)
ep

M°, however, is the bound on the total variation of the CMG
momentum over any 2n orbital sector and for any neighboring
orbit in T for which the momentum remains bounded. Conse-
quently, the continuous time CMG momentum history remains
within the absolute saturation limit.

V. Conclusion
In practice, command rates are initiated about the body fixed

vehicle axes. This vehicle reference system is illustrated in Fig. 3
and is a body fixed orthogonal triad. If the principal axes of the
vehicle inertia tensor are misaligned with respect to the body fixed
vehicle system, the representation of Me with respect to the
vehicle system must reflect the unknown misalignment error in
parametric form. The torque, however, is still expressed as

Tg = MeH(2nn) + n (83)

during the desaturation period [(2n + !)TC, 2(n + l)n].
The desaturation period need not extend over a n radian

orbital sector. The modulation function need only be appropriately
modified. Q(a, £, 0p) in Eq. (26) becomes

6(a,£,0p)= f Me(dt/de)d9
J y

(84)

where / denotes the desaturation sector symmetric about the
midnight terminator.

The generalized constraint equation is

) f
Jy

M'BdO= -I (85)

and

A(r0, 0P) ) J cos(0 - 6p)M'e d9 (86)

The sampled data approach to attitude control law stability
over neighboring orbits provides the analyst complete freedom to
choose the momentum sampling scheme (digital controller),
maneuver times (switching logic) and system gains. The equation
for the sampled momentum has been derived for arbitrary
satellite orbital parameters.

Using an operator approach to stability, the problem of
sustaining a 2n — % orbital sector of fine attitude control over
neighboring orbits throughout the mission and for the sampling
scheme

H0j(2nn) = Hj(2nn) - H/0); j = x,y,z
has been solved. The solution is general in the sense that the
analyst has complete freedom to choose the maneuver profile and
system gains consistent with the generalized constraint equation.
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